Abstract. In this paper we prove a Fatou type theorem for complex map germs. More precisely, we give (generic) conditions assuring the existence of parabolic curves for complex map germs tangent to the identity, in terms of existence of suitable formal separatrices. Such a map cannot have finite orbits.
Introduction
Let Diff(C n , 0) denote the group of germs of holomorphic diffeomorphisms of C n fixing the origin and denote by Diff 1 (C n , 0) the subgroup of Diff(C n , 0) given by those diffeomorphisms tangent to the identity. Such a map is also called flat. The dynamics of flat germs of diffeomorphisms is now beginning to be understood in dimension n ≥ 2. Let us recall some results in this direction. Given a flat germ G ∈ Diff 1 (C 2 , 0), write G = (G 1 , ..., G n ) ∈ Diff 1 (C n , 0) with G j = z j + P j,ν j + · · · expanded in a series of homogeneous polynomials, where P j,k ≡ 0 or deg(P j , k) = k and P j,ν j ≡ 0. Then one says that ν(G) = min{ν 1 , ..., ν n } is the order of G. Let G ∈ Diff 1 (C 2 , 0), then one says that ϕ : Ω −→ C n is a parabolic curve for G at the origin if it is an injective holomorphic map satisfying the following properties:
(i) Ω ⊂ C is a simply connected domain with 0 ∈ ∂Ω; (ii) ϕ is continuous at the origin and ϕ(0) = 0 ∈ C n ; (iii) ϕ(Ω) is invariant under G and (G| ϕ(Ω) )
•(n) → 0 ∈ C n as n → ∞.
Moreover, if [ϕ(ζ)] → [v]
∈ P n−1 as ζ → 0 (where [·] denotes the canonical projection of C n \{O} onto P n−1 ), we say that ϕ is tangent to [v] at the origin. A characteristic direction for G is a vector [v] = [v 1 : · · · : v n ] ∈ P n−1 such that there is λ ∈ C satisfying P j,ν j (G)(v 1 , · · · , v n ) = λv j for j = 1, . . . , n. If λ = 0, then [v] is called non-degenerate; otherwise, it is called degenerate.
The existence of parabolic curves is studied byÉcalle (see [9] ) and Hakim (see [11] ) in connection with the existence of non-degenerate characteristic directions, which in a certain sense corresponds to a generic condition.
A germ admitting a parabolic curve has some non-finite orbits. In this sense, the next results are in the same framework of one-dimensional Camacho's theorem (see [5] ) (see also Leau-Fatou theorem [8] ), and apply to the characterization of germs of foliations admitting holomorphic first integral. From this viewpoint, our current work may be applied to correctly pursue the investigation started in [7] .
The next results assure the existence of parabolic curves for germs of flat maps with non-degenerate characteristic directions. Theorem 1.1 (Écalle [9] and Hakim [11] ). Let G be a germ of a holomorphic self-map of C n fixing the origin and tangent to the identity. Then for every nondegenerate characteristic direction [v] of G there are ν(G) − 1 parabolic curves tangent to [v] at the origin.
Later on, Abate obtained the following result for a map with an isolated fixed point. [1] ). Let G ∈ Diff 1 (C 2 , 0) and suppose that the origin is an isolated fixed point for G. Then G admits at least ν(G) − 1 parabolic curves.
Theorem 1.2 (Abate
In [4] , Brochero Martínez, Cano and López-Hernanz showed that Abate's theorem can be obtained as a consequence of Theorem 1.1. Now consider a germ of diffeomorphism G ∈ Diff 1 (C 2 , 0) tangent to the identity whose set of fixed points (denoted by Fix(G)) contains a smooth curve S. Under this hypothesis Abate introduced an index for G at the origin with respect to this smooth curve S as follows. Let S = {x 1 = 0}, G(x) = (G 1 (x), G 2 (x)), and k(x 2 ) := lim
,
)dx 2 , whenever defined. As a straightforward consequence of the proof of Corollary 3.1 in [1] we have the following result.
Recall that any map germ G ∈ Diff 1 (C 2 , 0) can be uniquely written in the form
is not divisible by the irreducible components of and Fix(G) = { = 0} is the set of fixed points of G. [13] ). Let G ∈ Diff 1 (C 2 , 0) be a map of pure order 1 and suppose S = Fix(G) is a smooth curve through the origin such that ind 0 (G, S) = 0.
where P ν (x) = (P 1,ν (x), P 2,ν (x)) ≡ 0 with P j,ν being a homogeneous polynomial of degree ν. Then we say that G is dicritical if x 2 P 1,ν (x) − x 1 P 2,ν (x) ≡ 0 and non-dicritical otherwise. The dynamics of dicritical maps is studied in [3] . Nevertheless, for our purposes, it suffices to use the relationship between parabolic curves and dicritical fixed points given by the following result. Theorem 1.5 (Abate [1] ). Let G ∈ Diff 1 (C 2 , 0) be a dicritical germ of a holomorphic map tangent to the identity, then G admits infinitely many parabolic curves.
In this article we develop the viewpoint introduced in [4] and study conditions over the infinitesimal generator of G in order to determine the existence of parabolic curves. 
Then G has an irreducible purely formal (non-dynamically trivial) separatrixĈ. In particular, G admits ν(G) − 1 parabolic curves tangent toĈ.
At this point some comments are worthwhile. First remark that the above result gives an affirmative answer for the question of existence of parabolic curves for some cases not dealt with by the results of Hakim, Abate and Molino (cf. e.g. Example 2.14). Anyway this is not a full generalization of Molino's result because there is G ∈ Diff(C 2 , 0) such that J 1 G 0 is a Jordan cell type, G has a parabolic curve and does not admit a non-dynamically trivial invariant algebroid curve (cf. e.g. Example 3.1).
Regarding the main hypothesis in Theorem A, we observe that the existence of a non-dynamically trivial invariant curve is generic in the class of flat map germs, in the natural topology induced by the convergence of the truncations in n-th jet space for all non-negative integer n (cf. Definition 3.4, page 27 in [12] , and [2] , page A.IV.25). Indeed, the non-existence of such a (non-dynamically trivial) curve for a germ map G ∈ Diff(C 2 , 0) is equivalent to the fact that the sets Fix(G) and Sep(X 0 ) are the same, i.e., the set Fix(G) is the set of separatrices of the pure infinitesimal generatorX 0 of G.
Maps with non-dynamically trivial formal separatrix
In this section we show how the presence of a non-dynamically trivial separatrix for a flat map germ, induces the existence of a parabolic curve for this map. We begin with an analysis of the relation between such curves and the infinitesimal generator of the corresponding map.
Infinitesimal generators and fixed curves. LetX
is a singular algebroid curve ofX if the last one can be written in the formX =fX 1 . The set of singular algebroid curves ofX will be denoted byŜing(X).
Let
] whose coordinates are homogeneous polynomials of degree i (in the variable z = (z 1 , z 2 )). The subgroup of formal diffeomorphisms of two variables tangent to the identity with order k is defined aŝ
Similarly, the group of germs of holomorphic diffeomorphisms at the origin 0 ∈ C 2 tangent to the identity with order k is defined as Diff
The following result is found in [12] and also in Proposition 2.1 in [3] .
In particular, for any flat map germ G ∈ Diff 1 (C 2 , 0) there is a unique formal vector field of order at least two, sayX
•j (h) for any h ∈ O 2 , and
thenf divides both p and q. Conversely, suppose thatf divides p and q, then the formal logarithm formula (cf. e.g. equation (3.10), p. 34 in [12] ) says that
where Id is the identity map. The result thus follows immediately.
The setFix(G) can be characterized as follows. The writingf =û · f is not unique, but if we also havef
The previous result, although of a simple nature, has two important consequences. The first is that any element ofFix(G) has in fact an analytic realization as the zero set of f (wheref =ûf ). The second one is that the resolution of G can be obtained automatically from the formal version of Seidenberg's resolution ofX o (as in the resolution of holomorphic foliations in (C 2 , 0)), since G = exp [1] ·X o . From now on we shall refer toX o as the pure infinitesimal generator of G.
Let Sing(X) :=Ŝing(X) ∩ O 2 , then one has the following straightforward consequence (whose first part is stated without proof in [4] ).
be its infinitesimal generator, then Fix(G) = Sing(X). In particular, each purely formal separatrix of G is automatically non-dynamically trivial.
Infinitesimal generators and characteristic directions.
In this paragraph we show how to detect the characteristic directions of a flat map germ in its infinitesimal generator. The first step is the following result stated in [4] . In particular, the characteristic directions of G correspond to the points of the tangent cone ofX. . Since Φ is a diffeomorphism, then a 21 · a 22 = 0. Therefore, Φ (0) maps the characteristic directions ofX onto the characteristic directions of Y . Furthermore, (u 0 , 1) is a zero for both P ν (u, 1) and Q ν (u, 1) if and only if v 0 = a 11 u 0 +a 12 a 21 u 0 +a 22 is a zero for both R ν (v, 1) and S ν (v, 1).
Tangent cones and invariant curves. LetX ∈X(C
2 , 0) be a formal vector field andĈ an algebroid curve given byf ∈ C[[x, y]]. We say thatĈ is a formal separatrix 1 ofX ifX(f ) ∈ (f ). This notion does not depend on the representativê f (i.e., on the formal equation) for the curveĈ.
∂ ∂y be its infinitesimal generator. Thenf ∈ C[[x, y]] defines a formal separatrix ofX if and only iff is invariant by G.
Proof. Supposef represents a formal separatrix ofX, thenX(f ) =fĝ. From Leibniz' rule, one has by induction thatX
Conversely, supposef is invariant by G, thenf •G ∈ (f ) and thusf •(G−Id) ∈ (f ).
More generally, one can obtain by induction thatf
In view of the above result, we sometimes refer to a formal separatrix ofX ∈ X 2 (C 2 , 0) as a formal separatrix of its time one map of the associated flow, i.e., a formal separatrix of the map G = exp[1]X. ∂ ∂y be the infinitesimal generator of G, then Lemma 2.5 assures that it is enough to prove that the tangent cone off is contained in the tangent cone ofX. IfX is dicritical, there is nothing to prove, since all directions are automatically characteristic. Thus we suppose thatX is non-dicritical. After one blow up we have
Thus ifâ = j≥νâ j andb = j≥νb j are expansions in homogeneous polynomials, thenX
Hence the tangent cone ofX in the (t, x) coordinates is determined byb
). Thus, iff = j≥μf j is the decomposition off in homogeneous polynomials, then the previous equation restricted to 1, t) ). Since up to a linear change of coordinates we may suppose thatf μ (1, t) and (1, t) , and the first statement follows. Finally suppose thatf divides bothâ andb, then taking (x = 0) one obtains thatf μ (1, t) divides bothb ν (1, t) andâ ν (1, t) . Thus its tangent cone determines just degenerate characteristic directions.
One says that the resolution of G ∈ Diff 1 (C 2 , 0) has a dicritical component if 0) is the n-th stage in the resolution process of G.
Remark 2.9. Similar to the analytic case, one can prove that a formal vector field can be resolved after a finite number of blowups. Further, any vector field having diagonalizable linear part has precisely two formal separatrices.
Corollary 2.10.
Suppose that G ∈ Diff 1 (C 2 , 0) has infinitely many separatrices, then its resolution has a dicritical component.
Proof. From Remark 2.9, we may suppose without loss of generality that the first tangent cone of the formal separatrices of G intersects D := π (1) −1 (0) at infinitely many distinct directions. Finally, Proposition 2.8 assures that G has infinitely many characteristic directions; however, this is impossible unless G is dicritical.
Remark 2.11. In [3] it is proved that any germ of resonant map with finite orbits and infinitely many separatrices is periodic. Therefore, one can reprove this result with the application of Corollary 2.10, since dicritical maps always have at least one parabolic curve (cf. Theorem 1.5).
Since we are interested in the dynamics of maps tangent to the identity and the dynamics of dicritical maps are well understood, at least with respect to the existence of parabolic curves, then hereafter we shall deal only with maps having finitely many formal separatrices.
2.4.
Resolution of singularities and invariant curves. As we have already observed, Corollary 2.4 assures that any completely fixed curve is in fact convergent, i.e., any element ofFix(G) has in fact an analytic realization as the zero set of an analytic function.
The following result gives a geometric characterization for the existence of nondegenerate characteristic directions in terms of the existence of non-dynamically trivial formal separatrices. Above we have proved that, for a flat map germ, a non-dynamically trivial invariant formal curve is associated with a non-degenerate characteristic direction. This is also a characterization of (the existence of) non-dynamically trivial formal separatrices. Indeed, with the same notation above, suppose that G n has a nondegenerate characteristic direction at the point p ∈ {f = 0} ∩ D, then Corollary 2.4 and Proposition 2.8 assure that it can be written locally in the form G n = exp [1] y τX 0 where the coefficients ofX 0 are relatively prime. From Remark 2.9 it follows that G has a non-dynamically trivial formal separatrix.
Notice that the proofs of Propositions 2.8 and 2.12 show that, after at least the minimal resolution, both degenerate and non-degenerate characteristic directions are stable under blow-ups. Now we are in position to prove our main results:
Proof of Theorem A. First notice that the irreducible components ofĈ are in oneto-one correspondence with the points of Sing(C). Now the result comes as a straightforward consequence of Proposition 2.12 and Theorem 1. 
where ν = ν(G). In face of this remark, the following slight generalization of Abate's theorem (Theorem 1.2) is an immediate consequence of Theorem B.
Theorem 2.13. Let G ∈ Diff 1 (C 2 , 0) be a germ of a flat diffeomorphism with isolated fixed point at the origin. Then G has a purely formal separatrix C. If
Since Fix(G) is isolated, then Corollary 2.4 assures that G is written in local coordinates about its singular points (i.e., the singular points of its pure infinitesimal generatorX 0 ) in the form G = exp [1] y τX 0 , where D = (y = 0), the coefficients of X 0 are relatively prime, and J 1 (X 0 ) is reduced. From Remark 2.9, it follows that G has a purely formal separatrix through each of its singular points. Thus the first statement follows by blowing down the purely formal separatrices of G. For the last statement, recall from (2.4) 
Maps having only dynamically trivial separatrices
Here we study how sharp our main result Theorem A is. Notice that Proposition 2.12 shows that G admits a non-dynamically trivial formal separatrix if and only if there is a non-degenerate characteristic direction associated with this curve along the resolution of G.Écalle's approach to Theorem 1.1 shows that the existence of characteristic directions determine a non-dynamically trivial formal separatrix whose Borel-Laplace sum generates a parabolic curve. On the other hand, in [13] L. Molino calls our attention to the fact that it is possible to have parabolic curve tangent to degenerate characteristic directions. The next example shows that parabolic curves may happen even without the presence of non-dynamically trivial formal separatrices, i.e., tangent to dynamically trivial (analytic) separatrices. 1] ), then G has a parabolic curve tangent to (t = 0). Nevertheless, from Remark 2.9, G(t, x) has no non-dynamically trivial formal separatrix. Now study a map whose purely infinitesimal generator is of nilpotent Jordan cell type. 1] ), then G has a parabolic curve tangent to (t = 0). Nevertheless, from Remark 2.9, G(t, x) has no non-dynamically trivial formal separatrix.
